BOUNDARY BEHAVIOR OF THE KOBAYASHI-ROYDEN 
METRIC IN SMOOTH PSEUDOCONVEX DOMAINS 
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Abstract. We show some lower estimates for the Kobayashi-Royden metric on a 
class of smooth bounded pseudoconvex domains. 



1. Introduction and main results. 

In this short note we discuss the problem of the boundary behavior of the 
Kobayashi-Royden metric (mainly) in the normal direction in smooth bounded 
pseudoconvex domains. We show two main results. One of the results states in 
particular that the Kobayashi-Royden metric in the normal direction in some class 
of smooth bounded pseudoconvex domains is estimated from below by the expres- 
sion like l/dJj^^{z) (doiz) denotes the distance of z from the boundary of D) which 
improves a recent result of S. Fu (see [Fu 2009]) where the Author obtained the 
lower estimate with the exponent 5/6. On the other hand we show that a careful 
study of a recent example of J. E. Fornaess and L. Lee (see [Lee 2009]) shows that 
the optimal exponent in the lower estimate of the Kobayashi-Royden metric in the 
normal direction is smaller than one (for C'^-smoothness, k < oo) and we also show 
some obstacles for the rate of the increase in the C°°-case. 

Recall that the Kobayashi-Royden metric has a localization property (see e.g. 
[Roy 1971], [Gra 1975]); therefore, we lose no generality concentrating on domains 
defined globally. Recall also that one of reasons to study the boundary behavior 
of the Kobayashi-Royden metric is the problem of deciding whether any bounded 
smooth pseudoconvex domain is Kobayashi complete (see e.g. [Jar-Pfl 1993]). The 
hope was that the Kobayashi-Royden metric in the normal direction explodes near 
the boundary as l/dr>{z); it was one of the ideas to show that smooth bounded 
pseudoconvex domains are Kobayashi complete. However, after many years of 
uncertainty a recent example of Fornaess-Lee ([For-Lee 2009]) showed that such a 
lower bound is not valid. More precisely, the example is the following. 

Theorem 1 (see [For-Lee 2009]). For any given increasing sequence (a^)^, a^, — 
oo, of positive numbers there is a bounded smooth pseudoconvex domain D C 
and a decreasing sequence {Su)^, with such that 
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where P is a suitable point from dD, Pg^ = P — S^n, and n is the unit outward 
normal vector to dD at P. 

In the other direction S. Fu showed that smooth bounded pseudoconvex domains 
have the following lower estimate (our formulation is weaker than the one in the 
original paper). 

Theorem 2 (see [Fu 2009]). Let D be a bounded -smooth pseudoconvex domain 
given by the formula D = {r < 0}, where r is a -smooth defining function 
(meaning that its Levi form is semipositive definite on the complex tangent space 
of any boundary point). Then there is a constant c > such that 

kd{z;X)>c |^^^-^|2/3 ' z€D,XgC. 

Moreover, it follows from the paper of S. Fu that if we make some additional 
assumption on the vector X and points z (for instance X is the unit outward normal 
vector to some boundary point P and z lies on the line passing through P in the 
direction X) then in the above estimate we may replace the exponent 2/3 with 5/6. 
We shall see in Theorem 4 that in many cases the exponent 5/6 may be replaced 
by 7/8. 

S. Fu also conjectured that in the class of smooth domains the lower estimate of 
the Kobayashi-Royden metric as in Theorem 2 may be taken of the form l/d]^^{z) 
with e > arbitrarily small. Note that the example of Fornaess-Lee shows that the 
exponent cannot be taken to be equal to one (equivalently e cannot be equal to 0). 

However, the careful study of the example of Fornaess-Lee shows that in the case 
of C'^-smooth domains an estimate as conjectured by S. Fu does not hold. We have 
namely the following result. 

Theorem 3. (1) For any positive integer k there are a C'' -smooth bounded pseu- 
doconvex domain D in C^, a positive number e, and a decreasing sequence 
with 5y — > such that 

where P is a suitable point from dD, Ps^ = P — S^n, and n is the unit outward 
normal vector to dD at P. 

(2) For any a > there are a C°° -smooth bounded pseudoconvex domain D in 

and a decreasing sequence {5u)v with 5,^ ^ such that 

KD{Ps^;n) < } X \a ' 

where P is a suitable point from dD, Ps^ = P — S^n, and n is the unit outward 
normal vector to dD a,t P. 

Note that the above theorem shows that even in the C°° case the proof of the 
Kobayashi completeness of the smooth bounded pseudoconvex domain cannot go 
along the following lines: We prove that the Kobayashi-Royden metric (in the 
normal direction) behaves like a 'regular' integrable function of doiz). Therefore, 
in case that all smooth bounded pseudoconvex domains are all Kobayashi complete 
the proof would require a more subtle reasoning. 
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We can, however, say also something in the positive direction. Namely, we 
may slightly improve the estimate given in Theorem 2. Unfortunately, the better 
estimate holds for smooth domains defined as sublevel sets of smooth plurisub- 
harmonic defining function - recall that not all smooth bounded pseudoconvex do- 
mains are locally sublevel sets of smooth plurisubharmonic functions (see [For 1979], 
[Beh 1985]). 

Theorem 4. Let D = {r < 0} be a bounded domain in C" where r : U R is 
a -smooth plurisubharmonic defining function for D. Then there is a constant 
C > such that 

C\{niz),X)\ 



kd{z;X) > 



as z tends to dD and the vectors X are taken so that \\X\\ = o{l / d]j{z))\{n{z) , X)\, 
where n{z) denotes the unit outward normal vector to dD at the point of dD of the 
smallest distance from z. 

Before we start the proofs recall the definition of the Kobayashi-Royden (pseu- 
do) metric of a domain I? C C" (for basic properties of the Kobayashi-Royden 
metric see [Jar-Pfl 1993]). 

Kd{z; X) := inf{a > : there is an / e 0(P, D) with /(O) = z, af'{0) = X}, 

zgD, X gC". 

2. Proofs. We start with some preliminary considerations. 

Let _D = {r < 0} be a domain in C", where r : U K is a C'^+^-smooth plurisub- 
harmonic defining function with r(0) = 0. Then (up to a linear isomorphism) the 
Taylor expansion at of order A; of r is of the following form 

k 

r{z) = BeZn + '^Qj{z) + Rk{z), 

where Qj{z) = J2\a\+\i3\=j ^a,0^°'^'^ {note that then a^_^ = a^_„)- We may also 
write Qj{z) = Qj{z) + Qj{z), where 

Q,{z)= E </3^"^''' 4(z)=2ReE <a^"=:2Re//,(^). 

|a|-M/3|=j,|a|,|/3|>0 |a|=j 

It follows from Taylor 's formula that £Rk{z)\s2n-i =0(||z||'^~^), where £f{z){X) 
is the Levi form of r at the point z in direction of X; 5^"^^ means the 2n — 1- 
dimensional sphere. Consequently, CRk{z){z) = 0(||2;||'^+^). 

An easy calculation gives the following formula 

1^=1 \a\=iy,\l3\=j-v 
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In particular, CQ2{z){z) = Q2iz), CQj,{z){z) = 2Q^{z). 

In the sequel we shall denote by Cj different constants that depend only on the 
domain D. 

Proof of Theorem 4- We leave the notation as above and we make use of the above 
considerations. 

First we prove the desired estimate but with the exponent equal to 3/4 (instead 
of 7/8). 

The assumptions of the theorem imply that fov z G U we have the following 
estimate 

Q2(^) + 2Q3(^)+Ci||z||^ >0, 
which together with the property 

min{Q2(^) + Q3(^), Q2{-z) + Qsi-z)} > mm{Q2{z) + 2Q3{z), Q2{-z) + 2Qs{-z)} 
gives for z close to the inequality 

r{z) > Re^„ + Q2{z) + Qs{z) - C2\\z\\^ > Re^„ + 2Re{H2{z) + Hs{z)) - Cs\\z\\\ 
Therefore, shrinking U if necessary, we have the following inclusion 

D c {Rezn + 2ReiH2{z) + H^iz)) - C^WzW" < 0}. 

Now for 5 > small enough and X e C", X 7^ 0, take tp e 0(^,D) such that 
^(0) = (0, . . . , 0, -5), K</j'(0) = ^ where k > 0. 

Note that \\ifi{\) - < Ci\\\. For r G (0,1) define Vr(A) := v(rA). Then 

UrWW <5 + Cir, A eD. 

Define -^{z) := z„ + 2H2{z) + 2Hz{z). Put := * o ^r- Then (^^(D) C {A € 
C : Re A < C5(5 + r)*} =: S^^s for 5 small enough. 

Therefore, 

n-l 

-|X„(l + 0(5)) + V0(<5)X,| = -|*'(0,... ,0,-<5)X| = |vp;(0)| <C6((5+(<5 + r)^), 

where the last inequality follows easily from the formula for the Kobayashi-Royden 
metric for Sr,5- 

Substitute r = for 5 small enough. Then we get the following lower estimate 

, . r .1/4 

where a (J) ^ as (5 ^ (here we use the fact that we choose X such that 
= o{l/5)\Xn\)- Consequently, we get the following lower estimate 

Ati,((0,... ,0,-<5);X) >C6|X„|/<53/4 
as 5 tends and the vectors are taken so that o{l/5)\Xn\ > 
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Our aim is to show that we may replace the exponent 3/4 with 7/8. Keeping 
in mind the above estimate and leaving the same notation as above we have the 
following inequality 

\\^^X)-^{0)--X\\<Cr\X\'. 
Proceeding as before we get for |A| < r, (5 small enough 

MX)\\<6+'-^\\X\\ + Crr'' 

K 

or ||V>,(A)|| <(5+^||X||+C7r2, AeD. 

Since without loss of generality we may assume that ||X|| is bounded from above 
(or even equal to one) proceeding exactly as before we get the following inequality 

C9r|X„|(l + a((5)) 

Since we already know that k > Cio/((5'^^^) (at this place we need the first part of 
the proof), putting r = 5^^^ we get the following estimate 

/^c((0,...,0,-5);X)>^"l^"l 



§7/8 

as 6 tends to and X satisfies the inequality ||X|| < o{l/6)\Xn\, which finishes the 
proof of the theorem. □ 

Remeirk 5. Consider r to be defined near as follows r{z) := I{jez2 +p{zi) where 

p{zi) := 2m2^5"+%7^-' + 4(m2 - f)\zif"' + z^'-^z'^^^ = 

|^i|2™(Re4m2e'2'^ + A{m'^ - f)), 

m/2 < I < m (here zi = e^^\zi\). Since p is a subharmonic function such that for 
some values of 9 the last factor in the formula is negative (the example is taken 
from [Las 1988]) wc sec that wc cannot hope to repeat the reasoning from the proof 
of Theorem 4 for general k - even the case k = 2m = 4 (m = 2, ? = 1) encounters an 
obstacle. In other words the above method of the proof does not give a better lower 
estimate. Nevertheless, we think that the lower estimate in the normal direction of 
the Kobayashi-Royden metric near the boundary of a C'^'^^-smooth pseudoconvex 
domain may be of the form l/d^ ^^'^'''(z), which would mean that in the case of 
infinitely smooth bounded pseudoconvex domain the estimate with the exponent 
arbitrarily close to 1 (as suggested by S. Fu) may hold. 

Remark 6. In the proof of Theorem 4 one needs twice the same reasoning. How- 
ever, instead of repeating it twice one may use a result of S. Fu (to get the lower 
estimate of k of the form XjS^I^ - in fact it is sufficient to have the estimate of 
the form 1/5^/^). However, at the present form the proof is more self contained. 
Therefore, the authors decided to leave it in the present form. 

Proof of Theorem 3. As mentioned earlier the domain which satisfies the properties 
claimed in the theorem was constructed in [For-Lee 2009] . Therefore, we recall the 
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construction from there (keeping the notation from there, too). To get the proof of 
the theorem we have to add some estimates (mostly for derivatives) of the defined 
functions and also at some places, for simplicity of calculations, we make some 
special choice of some sequences. 

First let us make some comments. Note that the procedure works not only for 
rn+1 = but also under the assumption that r„+i < also the choice of A}^ 
may be done with the equality replaced by the inequality. Consequently, the series 
that we shall choose can be replaced by any subserics. 

Below we shall write some inequalities for norms. Such an inequality: In < m„ 
means that limsup ^ < oo. The meaning of the equality is analogous (inequalities 
in both directions hold). The norms of functions are meant to be the supremum 
norms of functions (on some sets) . 

At first stage we repeat the definition of a sequence of subharmonic functions 
which is then adopted to the construction of a sequence of subharmonic functions 
of two variables defining a three-dimensional example. As mentioned earlier the 
construction follows entirely from [For-Lee 2009]. 

At first we assume the existence of sequences (a„)„, (r„ )„ such that the sequence 

2 

(a„)„ is increasing to infinity and r„+i < We shall fix the sequences later. 
We define 

loE \z\ 

Un(z) := 1/8 - Re^ + ' , z G C. 

41oga„ 



Then we 

max.{un{z),0}, Re^ < 6„ 
Un{z), Rez>bn 
where < < 1 is the smallest positive number such that 



Rn{z) := 



41oga„ 

At first we are interested in the norm of Rn on a closed disc of radius Man/vn (for 
some fixed M > 1). It is estimated from above by an/vn- 
We define 

Rn{z) ■■= / Rn{z - £nW)x{w)dn{w) 

Jc 

for some < £„ < r„/2, where n = dxdy/m. Here rn = x{z)dxdy and x : C h-> 
[0. oo) is a non-constant C°° radial function such that < X ^ 1 a^^id x{z) = for 
\z\ > 1. 

Then \\Ri^^\\Bio,M) < (IK)'' • a„/r„. Then we put pn{z) := Rn{^). 
We therefore have 

\ 



\pi'^\\Bio,M)<[-^^ 
At this place we fix the sequences. We put r„ = l/a„. We also want to have 



,.2 



r„_)_i ■= = "rfi- In other words we may choose r„ := rf . Now fix for a while 
e G (0,1/3). And put a„ = d~^. So finally, the choice of the numbers is the 
following a„ = a^^ , where a > 1 is fixed, r„ = (1/a)^^ , 5„ = (1/a)^ • But the 
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construction needs also additional number A„ = 1/2 + a„/r„ + log(l/r„)/41oga„ 
such that 

<5„<— ^. 

With our choice of numbers wc get that An = a^^^ (in the asymptotic sense). 
The construction needs also that (5„ < ■ Since the inequality must hold asymp- 
totically (it follows from the reasoning) it is sufficient to see that for large n 

on 1 



which holds for e as above. 

At this place the one-dimensional function p is defined as 



n=l 

which defines a C'^-smooth function under the assumption 

n 

In other words this gives the condition 5n ^2!+! < 00. But the last series is 
^^((3fe+2)£-i)3"^ which is finite when e < 1/(3A; + 2). 

Now we move to the construction of the proper function p. 

We define V := {(s, i) G : - = 0}. Wc want to have p„(s, t) = Pn{s/t) = 

Pnio if is,t) = ie,e)^v. 

Let fn ■= r^+i and put _B„ := 5(0, f„) C C^, we also put B'^ := 5(0, 3/4f„). 
Then one may choose a small neighborhood Un of V such that the projection 
TT : f7„ I— > y is wcll-definod on Un\B'^ (the formula is the following tt{s, t) := (s, s^/^) 
with a properly chosen branch of the power). Wc put J7„ := {p G : Hp — 7r(p)|| < 
d^}, where one may choose d„ — r'^j^^ = (asymptotically in the above mentioned 
sense). 

Then =r-^i = ^. 

We define p„ := Pn^-K on C/„ \ i?„ and we may extend p„ to a C°°-smooth on 
Bn U f/n letting it be equal on S„. 
Now we note the next estimate 



l|pi*'^ll(i7„\s„)nB(o,M) < -fiF 



„6fc+2 ■ 



Let X : M I— > [0, 1] be a C°°-smooth function, equal to 1 on [0, 1/2] and equal to 
on [1, 00). 

Then we defiiie ciiiotlier smooth, extension of pji on C by the formula 



0, Bn, 



d 

Pn{z), ^ G C^„\B„,||2:-7r(2;)|| < " 



~Pn{z)X ( "^If , ZGUn\Bn,^<\\z- 7r(^)||2 < dt^, 
10, Z^Un^JBn 
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Then one may verify that \\pn ||b(o,m) < ^9k+2 ■ Now we take C„ > such that 
Cpn{z){X) > —Cn\\X\\^. It follows that we may take (asymptotically) 

C 

' n 

- use the estimate for the norm of p'^ . 
Put 

An:={z^Un\Bn:^ <\\z- 7r(z)||2 < dl) 

and 

Note that Cq{s,t){X) > - t3|2||x|p. Therefore, if we take (asymptotically) 
c„ = 4 = r]^, then 

Cq{z){X) > Cn\\X\\\ 
Put Kn — (asymptotically). Then —Cn+KnCn > 0. Consequently, f„ — Pn + 
KnQ is plurisubharmonic on C^. Certainly, \ \fn^ \\b{o,m) < max{^;9^, ^} =: ^ 
(note that ruk = 38, A; = 1, . . . , 4 and mfe = 9A; + 2, A; > 4). Now the condition on 
C'^-smoothness of the example from [For-Lee 2009] follows from the C^-smoothness 
of 

n 

which is satisfied if 

(*) oo>E^"i = E«"''^"'- 

' n 

n n 

The last inequality completes the proof with arbitrary e G (0, l/rrifc). 

To complete the construction recall that Fornaess and Lcc defined the domain 
as follows 

D := {{s,t,w) e : Rew + p{s,t) < 0}nB(0,2). 
Let us now move to the second part of the theorem. 

We leave all the relations between the numbers a„,(5„,r„ with one exception. 
Namely, put a„ = (— log5„)", a > 0. Explicitly we have Sn = (l/a)"^", r„ = l/a„. 
Then the convergence of the final sequence (*) (with just introduced (5„ and r„) 

2 

is easily satisfied. And although the relation r„+i < ^ is not satisfied now, it is 
easy to see that instead of taking the whole sequence while defining the function 
p wc may also choose an arbitrary subsequence which easily guarantees that the 
desired inequality is satisfied. One may easily prove that choosing these relations 
the number An satisfies the desired inequality as well. 

Above considerations lead us to the following relation being sufficient for the con- 
struction of a C°° -smooth domain with the boundary behaviour of the Kobayashi- 
Royden metric in the normal direction equal to l/((5„(— log^„)"): 

Snof^ < oo for any positive integer k. 

The last condition is, as one may verify, satisfied. □ 
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